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Gregory-Laflamme instability of 5D electrically charged black strings
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We study the Gregory-Laflamme instability of 5D compactified, electrically charged black strings.
We consider static, linear perturbations of these solutions and derive master equation for these
perturbations. Using numerical analysis we search for the threshold unstable modes and derive the
critical wave-length. The results are illustrated in the black string mass v.s. electric charge phase
diagram. Similar diagram is constructed using global thermodynamic equilibrium argument applied
to the charged string and 5D electrically charged black hole. The results derived illustrate that
electric charge makes the black string less stable.
PACS numbers: 04.20.Dw, 04.20.Cv, 04.70.Bw Alberta-Thy-03-12
I. INTRODUCTION
Spacetime with large compact extra dimensions admits
a variety of black objects. Study of topological phase
transitions between these objects is a subject of high in-
terest. A well-known example is a uniform black string
in spacetime with compact extra dimension. The topol-
ogy of the horizon of the black string is different from
the spherical topology of a black hole solution, which is
another possible phase. A vacuum black string solution
can be obtained from a lower dimensional, spherically
symmetric, static, vacuum black hole solution by adding
flat compact extra dimension. In the case of more than
one, say p, extra dimensions the solution is called the
black p-brane. Simple analysis shows that for a given
size of extra dimensions there exists a critical value of
mass Mcr. If M > Mcr, the entropy of the black string
or black brane is larger than the entropy of the black
hole, while for M <Mcr the situation is opposite.
Based on this simple argument, Gregory and Laflamme
(GL) [1] came to a conclusion that a black string (brane)
must be unstable if its mass is smaller than some criti-
cal value. Studying S-wave gravitational perturbations
of black strings they discovered classical instability of
these objects. Namely, they obtained a dispersion re-
lation between imaginary part Ω of the frequency, and
the wave number k of the perturbation field mode, which
clearly illustrates the instability. The dispersion rela-
tion allows one to find a rate of decay corresponding to
a given wave number k. The instability starts at the
special value kcr. Ω vanishes for this threshold mode.
Positive values of Ω correspond to the smaller than kcr
values of the wave numbers. Finally, the zero-value wave
number corresponds to Ω = 0, that indicates stability of
D-dimensional Schwarzschild-Tangherlini black hole.
Existence of the critical (maximal) wave number, kcr,
in the instability spectrum corresponds to the minimal
wave-length Lcr = 2π/kcr of the perturbation threshold
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mode. The modes with smaller values of the wave-length
are stable. This behavior is similar to the classical Jeans
instability. If there exist compact extra spatial dimen-
sions with a size smaller than the minimal wave-length,
Lcr, then unstable modes can not fit into the compact
dimensions, and the instability does not arise. In the op-
posite case, a compactified black string (brane) solutions
are unstable.
The GL instability is a generic property of black ob-
jects in spacetime with compact extra dimensions. This
effect was studied by many authors. For example, in [2]
GL instability for a dilaton black string with magnetic
charge was demonstrated. Instability in magnetically
charged black string was studied in [3]. It was found
that for a certain range of magnetic charge values the
string becomes stable, if compared with a neutral one.
Instability in boosted strings was studied in [4]. It was
found that in the frame comoving with the string results
are largely unchanged, if compared with a static black
string. However, in the frame where the string is moving
along its length, the instability strongly depends on the
velocity of the string. For example, the threshold mode
appears as a wave traveling with the boost velocity along
the string.
Numerical evolution of a perturbed, unstable black
string was studied in [5]. It was found that at an in-
termediate time of the evolution a non-uniform black
string forms. This string reminds a distorted spherical
black hole connected to a thin black string. Topological
transition between black strings in 5D and 6D, and the
corresponding Kaluza-Klein black holes was studied in
[6]. It was found that the black string and the black hole
phases merge at a topology changing transition. Large
D asymptotics of a marginally stable black string were
studied in [7]. Detailed reviews on the phase transitions
between black strings and black holes, and the GL insta-
bility issue are given in [8] and [9], respectively.
There is an interesting relation between dynamical in-
stability of a black brane and off-shell instability of the
corresponding Euclidean black hole. For example, the
threshold unstable mode of a neutral black brane corre-
sponds to the Euclidean Schwarzschild black hole nega-
tive mode [10]. Namely, k2cr = −λ, where λ is the nega-
2tive eigenvalue of the spectral problem related to the Eu-
clidean black hole off-shell perturbations. General anal-
ysis of such relations is given in [11]. Negative modes of
4D Reissner-Nordstro¨m black hole with magnetic charge
corresponding to threshold unstable mode of 5D black
string were found in [12].
In a general case, the size of extra compact dimensions
is spacetime parameter which is fixed at asymptotically
flat region. However, the proper length of the extra com-
pact dimensions at the vicinity of a black object generally
depends on the present matter and fields. The matter
or fields may increase or decrease the local size of the
compact dimensions changing the black object instabil-
ity spectrum. This effect is illustrated on several types
of black strings. For example, presence of magnetic and
dilaton fields tends to stabilize the black string [2]. Sim-
ilar behavior of the critical wave-number for black string
with magnetic charge was observed in [3].
In this paper we shall study instability of electri-
cally charged 5D black string. The corresponding di-
mensionally reduced solution is S-dual to the dimension-
ally reduced solution for 5D black string with magnetic
charge [3]. We consider static S-wave perturbation of the
charged black string and search for the threshold mode.
Existence of the threshold mode implies existence of the
instability spectrum. We construct a critical curve in
topological phase transition diagram. The curve cor-
responds to a non-uniform black string and separates
the charged black string phase and the corresponding
charged Kaluza-Klein black hole phase. The shape of the
curve illustrates that electric charge tends to destabilize
the black string. Similar behavior can be inferred from
the global thermodynamic equilibrium condition between
the charged black string and charged black hole.
The paper is organized as follows. In Section II we
present the metric of the 5D electric black string and
discuss its properties. In Section III we consider static
S-wave perturbation of the charged string and derive the
corresponding master equation. In Section IV we inte-
grate numerically the master equation and construct the
critical curve in the topological phase transition diagram.
In Section V we derive a similar curve using the global
thermodynamic equilibrium argument. In Section VI we
discuss and compare the phase diagrams for the electric
and magnetic black strings. Section VII contains dis-
cussion of our results. In this paper we shall use the
following convention of units 16πG(4) = c = ~ = kB = 1.
Spacetime signature is +(D − 2).
II. 5D CHARGED BLACK STRING SOLUTION
A. 5D theory
In this Section we describe a solution for 5D electrically
charged, compactified black string. Let us consider the
following action
S =
1
16πG(5)
∫ L
0
dz
∫
dx4
√−g
(
R − 1
4
F 2
)
, (1)
where
Fµν = ∇µAν −∇νAµ. (2)
Here Aµ is the 5D electromagnetic vector potential, and
L is the size of compact dimension. The corresponding
Einstein-Maxwell equations read
Rµν − 1
2
gµνR =
1
2
T (em)µν , (3)
∇νFµν = 0 , ∇[λFµν] = 0. (4)
The 5D electromagnetic field energy-momentum tensor
is given by
T (em)µν = F
λ
µ Fνλ −
1
4
gµνF
2. (5)
Here and in what follows ∇µ denotes a covariant deriva-
tive defined with respect to 5D metric, whereas coma
stands for a partial derivative.
In a general case, electric charge Q associated with
d-form F(d) is defined as follows
Q = (−1)1+d(D−d)
∫
V(D−d)
⋆F(D−d), (6)
where the Hodge dual to F(d) is defined by
⋆ Fµ1...µ(D−d) =
εµ1...µ(D−d)ν1...νd
d!
√−g Fν1...νd . (7)
Magnetic charge P is defined by
P =
∫
V(d)
F(d). (8)
The integral over d-form F(d) and the corresponding vol-
ume element V(d) are defined as follows
∫
V(d)
F(d) =
∫
V(d)
F|µ1...µd|dx
µ1 ...dxµd , V(d) =
∫
V(d)
⋆1,
(9)
where |µ1...µd| = µ1 < ... < µd means proper orientation,
and ε|µ1...µ(D−d)ν1...νd| = +1. The definition of electric
charge corresponds to the Heaviside-Lorentz system of
units. In our case d = 2.
The Komar mass of a black object is defined by
M =
1
16πG(D)
D − 2
D − 3
∫
V∞
(D−2)
dD−2Σµν∇µkν , (10)
where kµ is the timelike Killing vector normalized at in-
finity as kµkµ = −1. Another definition of mass of a
3black object in spacetime with compact dimensions was
given in [13].
For spacetime with compact extra dimensions of size
L the D-dimensional and 4D gravitational constants are
related as follows
G(D) = G(4)L
D−4. (11)
We consider 5D metric of the following form
ds2 = −f1dt2 + dr
2
f1f2
+ f2dz
2 + f3dΩ
2
(2), (12)
where fi = fi(r), i = 1, 2, 3, dΩ
2
(2) = dθ
2 + sin2 θdφ2, is
the metric on a unit 2D round sphere, and z is the coor-
dinate of the compact dimension of size L. In the next
subsection we shall see that this metric can be derived
by oxidizing (uplifting) a 4D dimensional solution, which
does not depend on compact coordinate z, to 5D space-
time of the charged black string [14]. Such 4D solution
is related to solutions of the so-called a -model. In our
case this is 4D electrically charged dilaton black hole.
B. The a -model
Here we discuss the 4D a -model solution representing
dilaton black hole with electric charge. Let us start from
the 4D a -model action [14]
S¯ =
1
16πG(4)
∫
d4x
√−g¯
(
R¯− 1
2
(∇¯ϕ)2 − 1
4
e−2aϕF¯ 2
)
,
(13)
where R¯ is the Ricci scalar of the 4D spacetime, ϕ is the
dilaton field, and a is the dilaton-electromagnetic field
coupling constant. The electromagnetic field tensor is
F¯ij = ∇¯iA¯j − ∇¯jA¯i, (14)
where A¯i is the 4D electromagnetic vector potential.
Here and in what follows ∇¯i denotes a covariant deriva-
tive with respect to the 4D metric, and i, j, k = 0, 1, 2, 3.
The Einstein-Maxwell-dialton equations read
R¯ij − 1
2
g¯ijR¯ =
1
2
(
T¯
(d)
ij + e
−2aϕT¯ (em)ij
)
, (15)
∇¯j
(
e−2aϕF¯ ij
)
= 0 , ∇¯[kF¯ij] = 0, (16)
∇¯2ϕ+ a
2
e−2aϕF¯ 2 = 0. (17)
Here the dialton and the 4D electromagnetic field energy-
momentum tensors are given by
T¯
(d)
ij = (∇¯iϕ)(∇¯jϕ)−
1
2
g¯ij(∇¯ϕ)2, (18)
T¯
(em)
ij = F¯
k
i F¯jk −
1
4
g¯ijF¯
2, (19)
respectively.
We are interested in static, spherically symmetric solu-
tions of the equations. One of such solutions is a dilaton
black hole with electric charge. The corresponding metric
is [14]
ds¯2 = −WH−vdt2 +W−1Hvdr2 + r2HvdΩ2(2), (20)
where v = 2/(1 + 4a2), and
W = 1− w
r
, H = 1+
h
r
, w =
h
4
[b2(1+4a2)−1]. (21)
The electromagnetic vector potential and the dilaton field
are given by
A¯i = b(H
−1 − 1)δ ti , ϕ = −2av lnH, (22)
respectively. In a particular case of zero coupling con-
stant, a = 0, the solution is the 4D Reissner-Nordstro¨m
black hole.
To proceed with the oxidation [14] let us consider 5D
metric (12) in the following form
ds2 = e
− ϕ√
3 ds¯2 + e
2ϕ√
3 dz2, (23)
where ds¯2 is 4D metric (20). The following relations be-
tween the 5D and 4D objects hold
R = e
ϕ√
3
(
R¯− 1
2
(∇¯ϕ)2 +
√
3∇¯2ϕ
)
, (24)
√−g = e−
ϕ√
3
√−g¯ , F 2 = e
2ϕ√
3 F¯ 2. (25)
Applying these relations to action (1), integrating over z,
and using the relationship (11) between the gravitational
constants in 5D and 4D we derive
S =
1
16πG(4)
∫
dx4
√−g¯
(
R¯− 1
2
(∇¯ϕ)2 − 1
4
e
ϕ√
3 F¯ 2
)
.
(26)
This is exactly 4D action (13) with a = −1/(2√3).
C. 5D electrically charged black string
Oxidation of the dilaton black hole with electric charge
to 5D gives us the electric black string solution (12) with
f1 = WH
−2 , f2 = H , f3 = r2H, (27)
Aµ = b(H
−1 − 1)δ tµ , w =
h
3
(b2 − 3), (28)
whereW andH are given in (21). This solution coincides
with that of [6], p. 19, for a = 0, h = r0 sinh
2 β, w = r0,
b =
√
3 cothβ, and Aµ → Aµ +
√
3 tanhβ δ tµ .
Note that for the 5D black string and the 4D black
hole solutions r > 0, h > 0, and the corresponding event
horizons are defined by r = w > 0. The parameters h
and w can be expressed through mass and electric charge
of the black string.
4The definition (10) and relation (11) give us the black
string mass, which in our units is
M = 6π(w + 2h). (29)
Using the definition of electric charge (6) for d = 2, we
derive
Q = 4πLbh. (30)
Expressions (29) and (30) give
w =
1
6π
√
M2 − 3(Q/L)2, (31)
h =
1
12π
(
M −
√
M2 − 3(Q/L)2
)
. (32)
Thus, the magnitude of the black string electric charge
is defined within the range
0 6 |Q| < ML√
3
. (33)
III. STATIC PERTURBATIONS OF THE
BLACK STRING
A. S-wave static perturbations
To study GL instability of 5D charged black strings
we consider gravitational perturbations hµν ≪ 1 of the
metric gµν , given in (12), (27). In general, for the 5D
metric we have 15 components of the perturbation field
hµν . Following [1] we consider S-wave perturbations only.
In this case the perturbation field has 7 components
hµν = {htt, htr, htz, hrr, hrz, hθθ, hφφ = hθθ sin2 θ, hzz}.
(34)
Such gravitational perturbation in general induces per-
turbation in the electromagnetic field Fµν . In the case of
the electric black string, Fµν has in general the following
induced components
δFµν = {δFtr, δFtz, δFrz}, (35)
which depend on (t, r, z) coordinates.
Fourier mode of the S-wave propagating in z direction
along the black string reads
hµν = ℜ
{
aµν(r)e
−iωt+ikz} . (36)
This mode is unstable if ω = iΩ, where Ω > 0. Threshold
of GL instability corresponds to time-independent (crit-
ical) mode with Ω = 0. We shall study static S-wave
perturbations of the black string and search for the crit-
ical GL mode.
In the case of static S-wave as a result of the symme-
try t → −t, the number of the metric perturbation field
components reduces to 5
hµν = {htt, hrr, hrz, hθθ, hφφ = hθθ sin2 θ, hzz}. (37)
The perturbed electromagnetic field (35) has δFtr and
δFtz components only, which depend on (r, z) coordi-
nates. Using the electromagnetic gauge freedom the cor-
responding vector potential can be cast into the form
Aµ = At(r, z)δ
t
µ .
Thus, we can present perturbed 5D charged black
string solution (12), (27), (28) as follows
ds2 = −f1e2τdt2+e
2σdr2
f1f2
+f2e
2β(dz−αdr)2+f3e2γdΩ2(2),
(38)
Aµ = [At(r) + at(r, z)]δ
t
µ . (39)
Here the components {τ, σ, β, α, γ, at} ≪ 1 are functions
of r and z only.
Because of the freedom in coordinate choice in gen-
eral relativity, there is a gauge freedom in the pertur-
bation field. To fix the gauges we have to fix infinites-
imal diffeomorphisms ξµ in the coordinate transforma-
tions xµ = xµ
′
+ ξµ. In our case ξµ = [ξr(r, z), ξz(r, z)].
These diffeomorphisms induce gauge transformations in
the metric gµν , and in the vector potential Aµ as follows
δgµν = (Lξg)µν = ∇µξν +∇νξµ, (40)
δAµ = (LξA)µ = Aµ,νξν +Aνξν,µ. (41)
As a result, the components of the perturbation field
transform in the following way
δτ =
1
2
ξrf1,rf2 , δσ = ξr,rf1f2 +
1
2
ξr(f1f2),r, (42)
δγ =
1
2
ξrf1f2f
−1
3 f3,r , δβ = ξz,zf
−1
2 +
1
2
ξrf1f2,r, (43)
δα = f−22 (ξzf2,r − ξz,rf2 − ξr,zf2). (44)
In the case of the 5D electric black string the only
non-vanishing induced electromagnetic perturbation, at,
transforms as
δat = ξrf1f2At,r. (45)
at corresponds to the perturbation of timelike (electro-
static) component of Aµ.
Our system of equations contains 6 ‘field’ variables
{τ, σ, β, α, γ, at} with the gauge freedom (42)-(45) gen-
erated by 2 functions ξr and ξz of 2 variables. As usual
for such a case, there exist 6− 2 · 2 = 2 ‘physical’ degrees
of freedom (see e.g. [15]). We shall demonstrate that one
can choose γ and at as such ‘physical’ degrees of freedom.
Namely, we show that these objects obey 2 decoupled,
second order ordinary differential equations. As we show
later, one of the equations (for at) does not have unstable
modes, while the other one, the master equation for γ,
is responsible for existence of the GL unstable threshold
mode.
B. Master equation for the electric black string
We use the same gauge as in [3]. Namely, we define
τ = τ ′ + δτ = 0, that fixes ξr through equation (42).
5This gauge preserves the gravitational redshift function
f1 under the perturbation field. The next gauge choice is
β = β′+δβ = 0, that fixes ξz through equation (43). This
gauge preserves the metric along z coordinate. Thus, we
are left with {σ, α, γ, at}. Assuming that the amplitudes
in the Fourier modes (36) of the perturbation field are
real valued functions, we have
σ = σ˜(r) cos(kz) , α = −α˜(r)k sin(kz), (46)
γ = γ˜(r) cos(kz) , at = a˜t(r) cos(kz). (47)
Here the form of the Fourier mode of α reflects the fact
that δα is an antisymmetric function of z.
Our goal is to derive the master equation corre-
sponding to the perturbation field. Currently we have
three components of the gravitational perturbation field,
{σ, α, γ}, and one component of the induced electrostatic
perturbation, at. They solve system of the Einstein-
Maxwell equations.
We employed GRtensorII package to derive a reduced
system of the Einstein-Maxwell equations for the first or-
der gravitational perturbation of metric (12), (27), (28)
corresponding to the electric black string. As a result, we
have five components, {tt, rr, rz, θθ, zz}, of the Einstein
equations and one, {t}, component of the Maxwell equa-
tions, ∇νFµν = 0. The Maxwell equations ∇[λFµν] = 0
are satisfied identically. Using {rz} component of the
Einstein equations we can express σ˜ in terms of γ˜ and
a˜t,
σ˜ =
4(r − w)(rγ˜,r + γ˜)− bha˜t
4r − 3w , (48)
substitute the result into {rr} component of the Einstein
equations, and solve it for α˜ in terms of γ˜ and a˜t,
α˜ = −2w(2r − 3w)γ˜,r − [4w − 4k
2r2(4r − 3w)]γ˜
k2(4r − 3w)2
+
bh[(4r − 3w)a˜t,r + 4a˜t]
k2(4r − 3w)2 . (49)
Thus, we can express σ˜ and α˜ in terms of γ˜ and a˜t.
Substituting the result into remaining Einstein-Maxwell
equations we see that {zz} component is satisfied iden-
tically, whereas the components {tt} and {θθ} together
with {t} component of the Maxwell equation represent a
system of three mutually compatible equations for γ˜ and
a˜t. Analysis of the equations shows that we can eliminate
γ˜ and derive a single equation for a˜t
r − w
r
a˜t,rr +
2(r − w)(w + 2h)
r(wr + 2hr − wh) a˜t,r = k
2a˜t. (50)
Thus, the electrostatic perturbation decouples from the
gravitational one. As we illustrate in Appendix, there are
no unstable threshold modes. Thus we can take a˜t = 0.
As a result, {tt} and {θθ} components of the Einstein
equations and {t} component of the Maxwell equations
become equivalent and give us the master equation for
the static S-wave gravitational perturbation of the elec-
tric black string
r − w
r
γ˜,rr − w(2r − 3w)
r2(4r − 3w) γ˜,r +
2w
r2(4r − 3w) γ˜ = k
2γ˜.
(51)
Remarkably, this equation has only one parameter w,
whereas the black string metric (12), (27), (28) has two,
w and h.
IV. NUMERICAL ANALYSIS
We shall integrate the master equation (51) numeri-
cally, applying the shooting method [16]. To proceed we
map the semi-infinite interval r ∈ [w,+∞) into finite one
and rewrite the master equation in dimensionless form
using the transformations
r =
w
1− x , k =
κ
w
, (52)
where x ∈ [0, 1]. Here x = 0 corresponds to the black
string event horizon. The master equation takes the form
x2γ˜,xx + xP (x)γ˜,x +Q(x)γ˜ = 0, (53)
where
P (x) = − (3x
2 + 6x− 1)
(1− x)(1 + 3x) , (54)
Q(x) =
2x
(1− x)(1 + 3x) −
xκ2
(1− x)4 . (55)
This equation has a regular singular point at x = 0, and
irregular singular point at x = 1. We are looking for reg-
ular solutions which are finite everywhere together with
their derivatives and vanish at infinity. Namely, γ˜(1) = 0.
Applying the method of Frobenius we can construct ap-
proximate solution near the horizon. The solution reads
γ˜(x) ≈ c0 − c0(2− κ2)x+ · · · , (56)
where c0 is arbitrary constant, which we take equal to
one. From (56) we derive the following boundary condi-
tions on the black string event horizon
γ˜(0) = 1 , γ˜,x(0) = κ
2 − 2. (57)
Using the boundary conditions and implementing the
shooting code written in FORTRAN we found κcr ≈
0.876, for the critical GL mode. This result coincides
with that of [4] for the neutral 5D black string.
To obtain a critical wave number, kcr, we use transfor-
mations (52)
kcr =
κcr
w(M,Q)
. (58)
Here w(M,Q) is given by (31). The critical unstable
mode corresponds to the highest mode in the instability
6spectrum Ω = Ω(k), i.e. to the lowest frequency Ω = 0.
For the second order equations for static spacetime (12),
(27), (28) the dispersion relation Ω = Ω(k) has two roots
k = 0 and k = kcr. The region k ∈ [0, kcr] defines the
instability spectrum. If we set the size of the compact
dimension L = Lcr ≡ 2π/kcr, then for such spacetime
(with fixed M and Q) there will be only one unstable
mode, the critical one. For spacetime with L > Lcr ad-
ditional unstable modes are possible, and for spacetime
with L < Lcr there are no unstable modes at all. Rela-
tion (58) can be presented in the following dimensionless
form
µ =
√
9κ2cr + 3q
2. (59)
Here we introduced dimensionless parameters of mass
µ = M/L and electric charge q = Q/L2.
FIG. 1: The dynamical critical curve (1) for the electric black
string (BS) − electric black hole (BH) topological phase tran-
sition corresponding to κcr ≈ 0.876. The thermodynamical
curve (2) corresponds to (70). Line (3), µ = q
√
3, corresponds
to the extreme value of the electric charge (33), (68). Here
µ = M/L, q = Q/L2. Curves (1) and (2) approach asymp-
totically line (3).
Line (1) in Figure 1 represents this relation for dimen-
sionless critical wave number κcr ≈ 0.876. We see that
addition of electric charge to a neutral 5D black string
makes it less stable. Namely, for a given mass M >Mcr
corresponding to a stable neutral black string, gradual
addition of electric charge shifts the black string close to
the critical curve, and for Q > Qcr(Mcr) the black string
becomes unstable.
V. THERMODYNAMICS OF THE BLACK
STRINGS
Black strings are higher dimensional objects which
have event horizon. Thus, as in the case of a black
hole, they can be considered as thermodynamical sys-
tems which have entropy and temperature. The entropy
is defined as follows
S =
AH
4G(D)
, (60)
where AH is the event horizon surface area. For the
electric black string we have
SEBS = 16π
2√w(w + h)32 =
√
2
9
(
M2 − 3(Q/L)2) 14
×
(
M +
√
M2 − 3(Q/L)2
) 3
2
. (61)
We assume that unstable 5D electric black string may
undergo a topological phase transition into electrically
charged 5D black hole. We can compare entropy (61)
with that of the electrically charged black hole SEBH ,
and define micro-canonical equilibrium condition for the
electric black string as SEBS > SEBH . The correspond-
ing critical curve is defined as SEBS = SEBH .
Unfortunately, an exact solution of the 5D electrically
charged black hole in spacetime with one compact di-
mension is unknown. However, we can make an estimate
for the micro-canonical critical curve by comparing the
electric black string entropy, SEBS , with that of the 5D
Reissner-Nordstro¨m black hole. We put mass and elec-
tric charge of the black hole equal to those of the black
string and use relation (11).
The 5D Reissner-Nordstro¨m black hole metric is [14]
ds2 = −W˜H˜−2dt2 + W˜−1H˜dr2 + r2H˜dΩ2(3), (62)
W˜ = 1− w˜
r2
, H˜ = 1 +
h˜
r2
, w˜ =
h˜
3
(b˜2 − 3), (63)
where dΩ2(3) is the metric on a unit 3D round sphere, and
the electromagnetic vector potential is given by
Aµ = b˜(H˜
−1 − 1)δ tµ . (64)
The black hole horizon is located at r =
√
w˜. The Komar
mass (10) and electric charge (6) are
M =
6π2
L
(w˜ + 2h˜) , Q = 4π2h˜b˜. (65)
Thus, we have
w˜ =
L
6π2
√
M2 − 3(Q/L)2, (66)
h˜ =
L
12π2
(
M −
√
M2 − 3(Q/L)2
)
. (67)
Hence, the black hole electric charge is defined within the
range
0 6 |Q| < ML√
3
. (68)
For the 5D Reissner-Nordstro¨m black hole we have
S =
8π3
L
(w˜ + h˜)
3
2 =
L
1
2
3
√
3
(
M +
√
M2 − 3(Q/L)2
)3
2
.
(69)
7According to expressions (33) and (68) electric charge of
the black string and the black hole is defined in the same
range. Approximating SEBH with expression (69) we de-
rive the micro-canonical critical curve. In dimensionless
form the equation for the curve is
µ =
√
9/4 + 3q2. (70)
This curve is shown on Figure 1 (curve (2)) together with
the critical curve (59) of the dynamical perturbation.
These curves are hyperbolae. They have qualitatively
similar behavior and illustrate that electrically charged
black string is less stable than the neutral one. Let us
note that line (1) for the dynamical instability is always
higher than line (2).
VI. 5D MAGNETIC BLACK STRING
It is interesting to compare the obtained phase dia-
gram (Figure 1) with a similar diagram for 5D magneti-
cally charged black string. Let us remind some properties
of the 5D magnetic black string, which was studied (in
the case of general D) in [3]. The magnetic black string
metric can be derived as follows. Dimensionally reduced
magnetic black string gives 4D dilaton black hole with
magnetic charge which is another solution to the 4D a -
model discussed above. This solution is S-dual to the 4D
dilaton black hole with electric charge, (20)-(22). Apply-
ing S-duality transformation [14]
F ′ = e−2aϕ ⋆ F , ϕ′ = −ϕ, (71)
to the 4D dilaton black hole with electric charge one de-
rives the electromagnetic potential and the dilaton field
Aµ = bh cos θδ
φ
µ , ϕ = 2av lnH, (72)
of the 4D dilaton black hole with magnetic charge. The
duality transformation does not change 4D metric (20).
Oxidizing the metric to 5D we derive the magnetic black
string solution (12) with
f1 = WH
−1 , f2 = H−1 , f3 = r2H2, (73)
Aµ = bh cos θδ
φ
µ , w =
h
3
(b2 − 3), (74)
whereW and H are given in (21). This solution coincides
with that of [3], p. 381, for h = r−, w = r+ − r−,
r → r − r−, and b =
√
3r+/r−. Using (10), (11) and (8)
we derive mass M and magnetic charge P of the black
string
M = 6π(w + h) , P = −4πbh. (75)
We put the magnetic black string mass equal to the
mass of the electric black string. Using expressions (75)
we have
w =
1
6πM
(
M2 − 3/4P 2) , (76)
h =
P 2
8πM
. (77)
FIG. 2: The dynamical critical curve for the magnetic black
string (BS) − black hole (BH) topological phase transition.
Here µ =M/L, p = P/L.
To present the critical mode of the magnetic black
string in (M,P ) parameter space we have to construct
a relation between µ = M/L and p = P/L for L = Lcr.
We use (76), (77) and the numerical results of [3]. The
relation has the following parametric form
µ =
3κcr(m)
1−m , p =
2κcr(m)
√
3m
1−m , (78)
where
m =
h
h+ w
. (79)
Figure 2 illustrates relation (78). We see that in con-
trast to electric charge, magnetic charge tends to stabilize
black string.
We do not know the final state of the topological
phase transition of the magnetically charged black string.
A 5D magnetic black hole, dual to the 5D Reissener-
Nordstro¨m black hole, does not belong to the same the-
ory. Namely, the corresponding electromagnetic tensor is
a 3-from, whereas for the 5D magnetic black string con-
sidered above it is a 2-form. One may propose a scenario
where the final state of the topological phase transition
is a neutral black hole pierced by magnetically charged
string, which wraps around the compact dimension. Such
a scenario tacitly assumes that topology of the magnetic
charge is stable.
VII. DISCUSSIONS
Thermodynamical and dynamical correspondence ob-
served for the electric black string (see Figure 1) shows
that as in the case of a neutral black string discussed in
[1], one may expect a decay of an electric black string into
the corresponding Kaluza-Klein black hole. But as it is
in the case of a neutral black string, the question when-
ever such transition is possible remains open. One may
8expect that because such transition is associated with ex-
treme spacetime curvatures of a non-uniform black string
horizon at the pinch regions, to describe such a transition
quantum gravity considerations are necessary.
Our results show that, in contrast to the magnetic
black string, the electric black string is less stable than
a neutral one. Namely, electric charge tends to destabi-
lize black string, whereas magnetic charge makes it more
stable. This can be deduced from the form of gzz com-
ponents of the corresponding metrics. For the electric
black string gzz = H > 1, that makes the proper length
along the compact dimension greater than Lcr. As a re-
sult, the electric black string is thinner than a neutral
one, and hence less stable. For the magnetic black string
gzz = H 6 1, that makes the proper length along the
compact dimension smaller than Lcr, and as a result,
the string is thicker than a neutral one, and hence more
stable.
S-duality (71) between dimensionally reduced versions
of the electric and magnetic black strings is broken after
oxidization. In fact, we have such symmetry only in 4D
for black holes, in 6D for black strings, etc. [14]. It
is interesting to study if there remains any connection
between the instability spectrum properties of the electric
and magnetic black strings induced by this S-duality.
Finally, it would be interesting to analyze the rela-
tion between the threshold unstable mode of the elec-
trically charged black string and negative mode of the
corresponding Euclidean dilaton black hole with electric
charge. To do this one can follow the procedure given in
[11]. However, our gauge is not suitable for such analysis.
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APPENDIX A: ELECTROSTATIC
PERTURBATION
Here we discuss existence of threshold modes in the
electrostatic perturbation equation (50). Using transfor-
mations (52) and (79) we present the equation in the
form
x2a˜t,xx +
2mx2
1 +mx
a˜t,x − κ
2x
(1− x)4 a˜t = 0. (A1)
Applying the method of Frobenius we derive the following
boundary conditions
a˜t(0) = 0 , a˜t,x(0) = κ
2 , a˜t(1) = 0. (A2)
Using the boundary conditions and implementing the
shooting code written in FORTRAN [16] we found no
indication of unstable threshold modes.
This result can be inferred from analytical consider-
ation of the equation. Let us present (A1) in the self-
adjoint form
(
(1 +mx)2a˜t,x
)
,x
− κ
2(1 +mx)2
x(1 − x)4 a˜t = 0. (A3)
Multiplying this equation by a˜t, integrating the result by
parts, and using the boundary conditions (A2) we derive
∫ 1
0
(
(1 +mx)2a˜2t,x +
κ2(1 +mx)2
x(1 − x)4 a˜
2
t
)
dx = 0. (A4)
This equation has nontrivial solution a˜t only if κ
2 < 0.
Thus, there are no unstable threshold modes.
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